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The motion of an a r t i f i c a l e a r t h  satellite about its center of 
mass as a result of radiation forces is investigated. 
satellite is aesumed t o  be symmetrical, both geomtrically and 
dynamically. 
solar radiation, solar radiation reflected by the earth and its 
atmosphere, and direct radiation from the earth. For these three 
cases the forces and torques acting on an arbitrari ly shaped 
satellite are derived. 
dependent upon the satellite's surface g e m t r y  as w e l l  e6 upon 
its orientation relative t o  the e a r t h  and sun and its mass 
distribution. 
The 
!Phe sources of radiatian considered are direct 
The results are in  integral form and ere 
The effects of the radiation torques upon the otherwise 
unperturbed notion of the satellite about- center of ~ S B  
can be divided into t w o  motions; motion of the axis of symmetry 
about the sa t e l l i t e ' s  angular momentum vector (relative t o  its 
center of mass), and motion of the  angular nomentun vector. 
For the sources considered the motion about the angular momentum 
vector is an unprturbed Euler-Poinsot motion and the angular 
momentum vector itself, w h i l e  remaining practically constant i n  
magnitude, precesses and nutates relative t o  ine r t i a l  space. 
This latter motion is described relative t o  the earth-sun l ine 
for direct solar radiation and relative t o  a perigee coordinate 
system f o r  reflected so lar  and direct earth ,radiation. 
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iv. 
A. Coordinate Systems 
1. EQuatorial Reference (Xo,Y ,Z ) - An i ne r t i a l  
coordinate sys tem with origin located at the 
center of the earth; the 22, plane the equa- 
t o r i a l  plane with Zo directed towards the V e r n a l  
EQuinaoc. 
Ecliptic Reference (X;,Yd,Z;) - An inertial coor- 
dinate system with origin at the center of the 
earth; the ZAXA plane the ecliptic plane with 
2; directed towards the V e r n a l  Equinox. U n i t  
vectors I+ 30, IC 
Perigee Reference (X,Y,Z) - A non-inertial coor- 
0 0  
Unit vectors &, &, &. 
2. 
I ' I  
-0. 
3. 
dinate system with or igin at the satellite's 
center of mass; the ZX plsne the orbit  plane 
with 2 parallel t o  the position vector at  perigee, 
X parallel t o  the tangent t o  the orbit  at perigee. 
Unit vectors g, 2, K. 
Body-pixed Reference (x,y,z) - A rotating coor- 
- 
4. 
dinate system with origin at the satellite's 
center of m u s  and directed along the sa t e l l i t e ' s  
Princfpal Rments of Inertia directions. 
vectors &, A, &. 
U n i t  
V. 
, 
r 
r '  
- 
R 
R e 
Re-s 
R*-S 
sS 
S'  
S 
R 
S 
S 
Inertia dyadic of the sa t e l l i t e  about its CM 
W a t i m  intensity 
Radiation flux 
R /r e 
IgapuEov functim 
unit vectors, refer  to Figure 5 
Moment of radiation forces 
Ccanpments of M due to direct solar, reflected 
solar, and direct earth radiation 
Uni t  normal. t o  element of surface area 
Period of satellite in its orbit 
Positian v e c t ~ ~  of cf relative t o  CM 
Poisition vector of satellite's center of mass 
relative t o  center of earth 
- 
ir I 
Posi t im vector of e W n t  of sa t e l l i t e ' s  
surface area relative t o  Chi 
Radius of the sphere taken as model for  the 
earth and its atmoslphere 
Average radius of the  earth 
E4ean earth-sun distance 
Satellite-sun distance 
Radius of sun 
Solar canstant a t  the mean earth-sun distance 
Solar constant at the sa t e l l i t e  
Sa te l l i t e  spin 
vii. 
T 
t 
V 
A 
E 
Y 
4' 
'22 
e 
e' 
x 
X '  
A 
L 9  F2 
Absolute temperature 
Time 
Potential of the moments about the CM 
Euler angles between (x, y, 2 ) .  and ( X i y Y A ,  ZA) 
Shadow factor; unity when satellite is i n  
sunlight, zero when it is  i n  the earth's shadow 
Inclination of the ec l ip t ic  plane t o  the 
equatorial plane 
Ebissivity 
Angle between H and w 
Angle between H and w 
Angle between surface normal and l ine  from dA 
t o  the sun 
Angle between surface normal and l ine from dA 
t o  the  sun 
-e - 
-0 - 
e 
S 
Angle between z-axis and e 
Angle between z-axis and e 
Angle between projection of H on e e plane and e 
-6 
7 
- -1-2 -2 
Angle between prodection of - H on YZ plane and K -
Longitude of the sun i n  the ec l ip t ic  plane 
from V e r n a l  Equinox 
Angle between H and e 
-a 
Angle between H and 1 - - 
Angles between surface norrrials and the  l ine  
connecting dAe and Us 
v i i i .  
Reflectivity, absorptivity, and trassmissi- 
bi l l ty  of Sa te lUte 'S  surface t o  the earth's 
(1ov t w r a t u r e )  radiation 
Reflectivity, absorptivity, and transmissi- 
b i l i t y  of SateUte's GuTfBce t o  the sun's 
(high temperature) radiation 
Average reflectivity of the earth and its 
atmosphere 
Stefan-BoltPnann constant 
angle betreen H and z-axis of satellite 
Anglebetweene a n d e  
Bngle bet;wr?en the plese of H and e+ and the 
planeofHandk 
Angle betveen the p h e  of H axid I and t he  
plane of 3 and k 
Inngitude of Ascending Node of s a t e U t e ' s  
orbit f"rm Vernal Equinox 
Lmgitude of Perigee *an Ascendfnrr Node 
Angular velocity of 
Angular velocity of CM about the earth 
Angular velocity of (XYZ) relative t o  i ne r t i a l  space 
Angular velocity of s a t e l l i t e  about its center 
of mass relative t o  inertial space 
- 
T * 
- 
- 
- 
- 
relative t o  ine r t i a l  space 
Special attention is called t o  Figtires 1, 5, 7, 8, and 9 
in eonjunction with the above symbols. 
c. Derivatives I 
The time derivativesr of scalar quantities w i l l  be denoted 
by d/&t or ( O )  while the derivatives of vector quantities w i l l  
carry a subscript (f or r) t o  denote a derivative i n  iner t ia l  
space or a derivative i n  the body-fixed rotating coordinate 
Any other necessary notation will be defined in  the text. 
I. IpTRoLpTcTIm 
The many recent uses of a r t i f i c i a l  earth sa t e l l i t e s  which require 
a particular attitude of the vehicle (such as the Ti ros  weather 
satellites, the Orbiting Astronanical Obse*kvatoi$ sa te l l i t e ,  Bnd those 
m&& use of solar energy) have stimulated interest  i n  the satellite 
attitude problem. 
system it is first necessary t o  determine the perturbing torqpes 
acting on a particular sa t e l l i t e  configuration and then t o  analyze 
the effect  of these torques upon the sa te l l i t e ' s  attitude. 
In order t o  design aa effective att i tude control 
!Re most important perturbing torques i n  any given case will 
depend 001 the particular satellite configuration, the satellite% 
orbi ta l  elements, and the mission of the vehicle. The'sources of 
attitude perturbing torques presently being considered are: 
1. 
2. 
3- 
4. 
5- 
6. 
7. 
8. 
Bsrth's magnetic and electr ic  fields 
Gravitational fields of the  earth and of other celest ia l  
bodies 
M o v i n g  parts on or in t he  sa t e l l i t e  
Atmospheric drag 
Meteoroid and Cosmic-ra~r bcaibardment 
Klectmnagnetic radiation fram the 8un, earth, an8 
sateUte 
Non-Uniform rotation of reference coordinates 
Gyroscopic effects. 
1. 
2. 
* 
Roberson (1) hss noted the first seven sources and has l i s ted  - -  
some qualitative order-of -magnitude results. 
qualitatively discuss sources 1-6 and 8 and include a simplified 
Kershner and Newton (2) - 
. .  
analysis of the effects of magnetic tourques upon sa t e l l i t e  spin. 
Beletskii (3) and (4) - considers the effects of gravity due t o  
a spherical earth, atmospheric drag, and coordinate rotation and by 
a perturbation method he describes the resulting sa t e l l i t e  motion. 
Colambo (z), in  a aimilar analysis, adds the  effects of the earth 's  
magnetic field and the gyroscopic motion resulting from energy 
dissipation due t o  internal vibrations. In a different approach, 
H s g i h a r a  (6) - linearizes the equations of motion and investigates 
earth's gavi ty ,  atmospheric drag, and magnetic f ie ld  effects. 
Roberson (7) - formulates the torques arising froan certain types of 
internal moving parts but malres no attempt t o  solve the resulting 
equations of motion. The effects of dissipation of energy by 
elastic vibrations induced by gyroscopic moments has recently been 
studied by Thowon and Reiter (8) - and Meirovitch (9). - 
The radiation effect  has been noted by Roberson (1) - but he 
merely lists some order-of-magnitude estimates. Holl (lo), - 
considering direct solar radiation only, assumes the resulting 
force acting on the sa t e l l i t e  can be expressed as F = poACf 
\ 
* Numbers i n  paranthesises and underUaed refer t o  refwences 
l is ted iti the, Bibliography. 
' _  
(A = projected e a ,  po = radiation pressure i n  the vicinity of the 
earth) where the "radiation force coefficient" Cf is found t o  be 
within the llmits 0 <Cf < 2 for several canvex shapes. ~ c ~ l v a i n  (u) 
appears t o  be the first me t o  derive anslytical expressions for the 
force and tarque acting an an arbitrarily shaped body due t o  direct  
solar radiatim. 
shapes, the change in the s a t e l l i t e ' s  angular momentum necessary t o  
maintain a specified vehicle orientation. 
of the use of radiation forces f o r  satellite stabilization, such aa 
that given by S o b  (3.2) and Newtan (13). 
-
He then detemines, for two particular s a t e l l i t e  
There has also been some anslysis 
A related problem of thermal - - 
radiatim incident upon 811 earth sa te l l i t e  has received considerable 
attention. 
Cunnhghm (14) and (15), lcatz (16), Altshuler (17), Mmk and 
Ostrach (u), and Uood snd Carter (19). 
A f ew of those who have studied the problem are 
- - - -
- - 
U i t h  the exception of the paper by McElvain on direct solar 
radiation, there appears t o  be no complete analytical fonrmlation 
of the forces and torques acting on an a r t i f i c i a l  earth sa t e l l i t e  
as a result  of incidmt radiation and there appears t o  be, withaut 
exception, no analytical description of the effects of such torques 
upm the attitude of the satel l i te .  
The purpose of this analysis, therefore, is t o  attempt t o  f i l l  
this gap by: 
1. Deriving the forces and torques acting on an 
arbitrarily shaped a r t i f i c i a l  earth sa t e l l i t e  
as a result of: ( i )  direct  solar radiation, 
( i i )  solar radiatim reflected by the earth 
4. 
and its atmosphere, and ( i i i )  direct  earth 
radiation. 
Determining the effects of such radiation torques 
upon the motion of the s a t e l l i t e  about i t s  center 
of mass, specific configurations being used as 
examples. 
2. 
' .  
11. FORpR1LATION OF RADIAll!ION FORCES AND TORQUES 
Since kmcwell's formulation of the theory of electromagnetic 
radiation it has been well known and often quoted that a black 
surface (one which campletely absorbs all radiation impinging on 
it) whose normal makes an angle B with the incasling radiation 
experiences a pressure given by 
2 
p = (J'/c) cos /3 (1) 
where J' = J/cosf3 (J = radiation flux) and c is the speed of 
electromagnetic radiation. But this effect is not a pressure in 
the usual sense of the word, rather only the normal cmponent of 
the resultant force per unit area acting on the surface. 
* 
In 
general the force caused by racllertlan is nut normal to the receiving 
area on which it acts. 
radiation flux and the orientation ofthe receiving area but it 
will also depend on the radiation properties of the surface &.e. 
a, a n d r ) .  
The resulting force wi l l  depend on the 
, P 
The chief sources of radiation that w i l l  cause forces and 
possibly torques on an artificial earth satellite axe: 
1. Direct solar radiation 
2. Solar radiation reflected by the earth and its 
atmosphere 
* This effect was first demonstrated experimentally by -bedew 
- (1901) and later in an extensive series of tests by Nichols 
and H u l l  (1903). 
6. 
3. 
4. 
Direct radiation f'romthe earth and i t s  atmosphere 
Radiation emitted by the satel l i te .  
The analysis of the  l a s t  case requires a knowledge of the temperature 
in  the sa t e l l i t e ' s  shel l  and, in  general, it is a much smaller 
effect than the first three cases. 
however, when t h i s  effect may be comparable t o  the other three; 
for  example, the pressure experienced by emission from a "black" 
f la t  plate receiving solar radiation, and thus emitting an equal 
amount of radiation, is  equal t o  2/3 the pressure due t o  direct 
solar radiation. 
"black body" (as it w i l l  reflect  as  well as conduct portions of 
the incident energy) and f'urthermore it emits radiation in a l l  
directions, thus tending t o  cancel any resulting force, and f o r  
these reasons this effect 
analysis 
There are special situations, 
In general the sa t e l l i t e  does not act  as a 
dl1 be neglected i n  the following 
The first three sources of radiation are a l l  exterior t o  the 
sa te l l i t e  and are covered by the following general example, see 
Figure 2. The incoming radiation of intensity I (parallel t o  c1) 
makes an angle B w i t h  the normal t o  the surface element dA which 
has radiation properties p , a, and 7 (where f + a + 7 = 1). 
1 
The radiation, af ter  striking the surface, is partly transmitted 
through the material, partly absorbed by the material, and partly 
reflected by the surface. 
makes an angle B2 w i t h  the surface normal. 
is perpendicular t o  n and coplanar w i t h  n, e 
defined by the equation 
The reflected radiation (parallel t o  e ) 
-2 
The unit vector e 
-3 
and e and can be - - -1, -2 
If the surface is assumedto be a s p e c u l a r  reflector geometric 
optics yields 
o1 = B2 = 8. 
The incident radiation produces a force 
= -(a +f) (J'/c) cosp e % -1 
w h i l e  the reflected radiation produces a force 
dF' i+ - f (J'/c) COS$ dA e+. 
T 
Thus the total force on the element of area dA is 
(4) 
7. 
Ncrte the two special cases: 
M i. Perfect Reflector ( 9  = 1, a = ' = 0) 
-om equation (7) 
2 
dl? = -2(J'/c) COB B dA n - - 
and the total force acts normal t o  the surface. 
ii. Perfect Absorber (a = 1, f = /u I = 0) 
~ r c m  equation (6) 
9. 
4, 
5. 
6. 
7. 
8. 
9. 
10. 
The solar radiation reflected by the ear th  and its 
atmosphere can be represented by reflection from a 
sphere of radius i? with reflectivity f. 
Direct radiation *an the earth is not effected by 
the earth's atmosphere. 
The satellite's surface is everywhere convex. 
The satellite's surface acts as a spec- reflector. 
The satellite has both dynamic and geometric symmetry 
(z-axis ie the axis for  both). 
Radiation flux is independent of frequency. 
Elarth's orbit around the sun is circular. 
- 
Esote that assumptiolns 4 and 5 are definitely intended for  circum- 
venting the pmblem of scattering and absorption of radiation by 
the earth's atmosphere. 
there is no intention of considering it i n  this analysis. 
This is 8 sepsrate problem i n  i t s e l f  and 
!&e radiation flux at % due t o  uniform, pi f fbe  emission 
from the surface element y, see Figure 3, is 
4 2  
(EICTl/nL ) cosf3 cosp2 dA 1' 
dJ2-1 1 
The total radiatim flux at % due t o  the body No. 1 is 
where the integration is carried over the surface area of body No. 1 
t h a t  is "seen" by the element of area dA Thst is, over all 
elenents of area of body No. 1 such t h a t  0 5 p 5 n/2, and 
2' 
1 
0 5 B2 5 a/2. 
10, 
As an example consider the radiation f l u  due t o  the sun on a 
flat plate whose normal i s  paral le l  t o  the l ine  joining the centers 
of mass of the two bodies. Referring t o  Figure 4, 
4 2  
2 J = JA* ( 6 T  /xL ) COSP cosP2 Us. 
J2-1 S S 1 
S 
If R is of the order R then f3 2 0, and L ?2 R so that e-S 2 
S S 1 s  
f 
.- 
S 
and )A* cosp dA is  the projected area of the sun as seen by 
1 s  
t h e  plate, approximately nR thus 
2 6 
S 
4 2 2  J = ( T T  R / R ) .  
S s s  
2 
The total surface area of the sun is  As = 4nR so  th& equation (10) 
S 
may be rewritten 
4 2 
J = ( U T  A/4nR). 
S s s  
This equation gives the flux of solar radiation of normal incidence 
on a f lat  plate at  a distance R from the sun (when R >> Rs). When 
t h i s  is  usually referred t o  as the solar constant (Ss) and R = Re-s 
2 i ts  value is  2.00 gm cal/cm min (21). - 
On the basis of equations (7) and (8) and the stated assumptions 
it is now possible t o  write the t o t a l  force acting on an element of 
surface area of an earth satellite as a result of the three sources 
of radiation. From Figure 5 ,  where the spherical model of the 
earth and its atmosphere is  shown as the earth i tself  
where 
a. 
and the t o t a l  force acts parallel  t o  the incident 
radiation. 
If only the normal component of equation (7) is considered 
and the surface i s  assumed t o  be a perfect absorber the "Radiation 
Pressure" of equation (1) is  obtained. 
I n  general the radiation flux J depends on the shape, tempera- 
ture, and emissivity of the radiation source as well as the position 
of dA relative t o  it. 
surface depend on the temperature of dA, the wavelength of the 
incident radiation and the angle of incidence. 
that the surface properties (including J , a, and 7 )  of a 
Similarly f , a, and 7 for the receiving 
It is also possible 
particular sa t e l l i t e  may change with time as a result  of external 
factors. 
the first Soviet s a t e l l i t e  by Yatsunskii and Gurko (20), _. 
Such a change i n  surface composition has been noted i n  
In this analysis p, a, and 7 w i l l  be assumed constant for 
solar radiation, both direct and earth-reflected, while f o r  the 
earth's radiation a different s e t  of values w i l l  be taken ( p ' , 
a', 7') but they also w i l l  be assumed constantc The other 
assumptions made i n  t h i s  analysis are: 
1. The transmissibility of the sa t e l l i t e ' s  surface is  zero 
( f + a =  1). 
2. The sun and the earth act  as diffusely radiating bodies, 
that is the radiation from 
Cosine Iaw,  
3e EMssivity and absolute 
both the sun and the earth 
these bodies obeys Iambert's 
temperature T are constant for 
is  the force due t o  direct solar radiation, 
is the force due t o  solar radiation reflected by the earth and its 
atmosphere (reflected e a r n  a sphere of radius E), and 
is the force due t o  
i n  equation (13) is 
direct radiation 
overthe surface 
from the earth. The integration 
area of the earth-atmosphere 
m o d e l  sphere seen by dA and not i n  the earth 's  shadow. In  equation S 
(14) the integration is over the surface area of the earth seen by 
Us. 
will depend not only on the relative posi t ions of the earth, sun 
and sa t e l l i t e  but also on the particular element of area dA . 
Note that  i n  general the extent of these surface integrations 
S 
The unit vector < i n  equation (12) can be replaced by the 
unit vector e '  as the dimensions of the sa t e l l i t e  are negligible 
compared t o  r and For the same reason and t o  simplify the 
integrations each element of surface area dAs can be moved parallel  
t o  i t s e l f  t o  the CM, thus replacing L, 4, k, and r2 with L', 
[', el, FL i n  equations (13) and (14), see Figure 5. Also note 
that 8' (the solar constant at the sa te l l i t e )  appearing i n  
equation (E) can be related t o  Ss (the usual so l a r  constant) as 
follows 
--s 
S 
1 2 
. I  
2 2  
thus 8' = S + 2(r/RemS) cos ifi + 0 (r /R . )] . 
S S e-S 
6 
For Il lustration take Re = 93 x 10 m i  and r = 46,500 m i  so that - 
equation (16) gives 
3 6 
6' = s p + 10- cos 111 + o(10- ) ]  0 
S S 
Because of t h i s  small difference between S' and S the l a t t e r  
S 8 
value w i l l  be used for the remainder of this analysis. 
Incorporating the above simplifications in to  equations (E), 
(131, and (14) 
de 
The t o t a l  force acting on the s a t e l l i t e  due t o  the three sources 
of radiation is  
* 
where: A i s  the t o t a l  surface area of the s a t e l l i t e  seen by 1 
the sun, 
is the t o t a l  surface area of the s a t e l l i t e  seen by 
that  par t  of the earth not i n  the earth's shadow, and 
* 
A 
2 
4 i s  the t o t a l  surface area of the s a t e l l i t e  seen by 
the  earth. 
13. 
The total external moment about the sa te l l i t e ' s  center of mass is 
If the satellite's surface can be divided into a number of sub- 
sections or i f  the satellite's reflectivity varies from section t o  
section, equation (21) may be replaced by 
where F is  the force due t o  direct solar radiation on the 
-li 
surface A 
is the force due t o  reflected solar radiation on 
i' 
F 
3 
the surface Ai, 
F is the force due t o  direct earth radiation on the 
31 
surface Ai, and 
I 
r 
-i 
is the position vector of the center of pressure of 
the surface 
satellite. 
relative t o  the center of mass of the 
Equations (20) and (21) with equations (17), (Is), and (19) 
I _  
formally give the forces-and torques acting on an earth s+ell i te,  
under the stated assmptims, as a result of direct  solar radiation, 
solar radiation reflected by the e a r t h  and its atmosphere, and 
direct  radiation frm the earth. 
w e  involved for an arbi t rar i ly  shaped sa t e l l i t e  are very compli- 
cated (especially for the determinatian of F and F ) and except 
for a few special cases analytical exprerssions fo r  equations (20) 
The surface integrations that 
i! -3 
and (21) appear t o  be unobtainable. 
Cunningham (14) - and (15), - on a related problem, indicate the 
nature of t h i s  difficulty. 
The two papers by 
Before proceeding t o  the analysis of the effects of these 
torques upon s a t e l l i t e  att i tude consider the following simple 
example which w i l l  indicate the magnitude of the  forces involved, 
Consider a flat plate of cross-sectional area A situated on the 
earkh-sun l ine and w i t h  i ts  normal directed towards the earth, 
parallel  t o  the earth-sun line, see Figure 6, 
not in t h e  earth 's  shadow 
As the plate is 
= 1 and equations (l7), (18)) and 
(19). becme 
where it has been noted that cos 'q  
components of force paral le l  t o  the plate because of symmetry. 
These integrals have been worked out i n  Appendix A and the results 
are 
= 1 and that there are no 
2 
x 
F = (S /c) (1 + f )A 51. (26) 1 s 
1 
15. 
where I 1 = (1/15k) k ( l - k 5 )  + 5k3 - (2 + 3 l ~ ~ ) ( l - k ~ ; / ~ ]  (29) 
2 312 
I = 1/3 [l - (1-k ) ] 
2 
k = R / r  
e 
and E has been taken equal t o  R (that i s  the spherical model for 
e 
the earth and its atmosphere has been taken as the earth itself). 
For numerical results consider the following parameter values: 
R =1co()()mi 
e 
6 =2.oogmcal/cm min 
c = 3 x lolo cm/sec 
2 
S 
p = 0.34 
E = 1.0 
e 
e 
T = 25OoK, 300% (two different values used) 
The results of substituting these values into equations (26), (27), 
and (28) a m  l is ted in Table I, Pspeniux A for various satellite 
altitudes , 
. r  
111. EFFM;Ts OF TORQUES UPON fUCEZLITE m T U D E  
In general there are many different perturbing forces and 
torques acting on an earth satellite and the resulting motion w i l l  
depend on a l l  of these forces and torques. A l l  of these 
perturbations are usually small, re lat ive t o  the unperturbed 
motion, and generally they are investigated separately with the 
t o t a l  motion being determined by adding the individual results. 
In  this chapter the effects  of radiation forces on the motion 
about its center of mass of an otherwise unperturbed satell i te * 
w i l l  be investigated and, assuming no coupling with the other 
perturbations, the result8 may be added t o  the already existing 
equations for  the effects  of the ear th ' s  gravity, atmospheric 
drag, etc. which have been analyzed by Beletskii (3), Colombo ( 5 ) ,  
and others. 
- - 
Direct solar radiation contributes the major 
component of force and it will be considered first. 
A, Direct Solar Radiation 
1. Derivation of equations 
from equations (20) and (17) 
* The satellite's unperturbed motion, M = 0, will be characterized 
. by H being constant i n  ine r t i a l  space and a regular procession 
of zhe axis of symmetry about H. - 
16. 
Ran equatian (U) the marnent about the sa t e l l i t e ' s  center of nsss 
due t o  F is -1 
B e  Unit vector 5' appearing in equati- (31) and (32) can be 
s 
related t o  more useful vectors by referring t o  lkigure 5. 
R e ' + r = ~  e 
s-s -s e-S 13 
or 
and 
Thus e' = + (r/R )cos + O(r2/R: e - 
-s - e-S - S 
For r = 25,000 mi., r/Re-s = 0.00027. 
be neglected and e' will be taken equel t o  s. 
-s 
Thus this difference will 
Before proceeding t o  particular sa te l l i t e  shapes consider 
the follaving general. analysis. As the only cokigurations 
under cansideration are those with both gemetric and dynamic 
symmetry it would be plausible t o  assume F of the form 
-1 
18, 
The f i r s t  term, - 6 F' e 
i f  f = 0, w h i l e  i f  p # 0 the combined result would apply as e+ 
and - k a re  the only preferential directions. Also because of the 
symmetry the CP w i l l  l i e  on the axis of symmetry and the moment 
would follow directly frm equation (31) 1-9' 
about the CM due t o  F will be 
-1 
M = p k x F  1 - -1 
where pk = p, the position vector of the CP 
~ o m  equations (34) and (35) 
- -  
M -1 = - & F ; p k x  
1 
and finally p and F w i l l  be f b c t i o n s  only 
1 
and If, that is  % 
c o s 0  = k o e  - 
-6 
where 
The equation of motion about the CM is 
= M -1 
or 
with 
aH/atj + O) x H = M 
r -  - -1 - 
- 
H = I o o  
-S - 
(35) 
relqtive t o  the CM. 
e 
s 
of the angle between 
(39) 
where w is the angular velocity of (x,y,z) re la t ive t o  ine r t i a l  
space. 
the usual Euler equations 
7 3  
Equation (40) m y  be written out i n  scalar form t o  give 
A ( b  /at) + (C-B)aYuz M i 
X -1 - 
mom equation (37) 5 & = 0 and A.m the assumed aynamic 
symmetry A = B, thus there is one integral of equation (39) or 
- -  
equations (41) 
or a = 8 ,  a constant. z- 
But the monnent M has been assuned t o  depend only on the angle 8 
-1 
thus, i f  5 is derivable fron a potential, there is  an additional 
intelgral of the m o t i o n .  That is, if 
(43 I 
which expresses Conservation of Zbergy in the rotating coordinate 
system (x,y,z). 
is constant equation (44.) may be rewritten i n  the scalar form 
Because of the aynamic sycnnetq  aud the fac t  a -e 
b 
2 -  
where 
H,. v, 
is a quadratic equation for  H which yields 
20. 
and the positive sign haa been taken for  the square root so that 
H equals H when J" and v equal yo and v0 respectively, mom 
0 
equation (47) it can be noted that there are no secular changes in  
H t o  order K 
be periodic). 
-1 
w i l l  be periodic in  8 but v will not necessarily 
0 (M1 
A t  t h i s  point two different problems mst be 
d.i e t  ingu is heas 
This case corresponds t o  a sa t e l l i t e  whose kinetic 
energy of rotation about i t s  center of mass is large w i t h  respect 
t o  the work done by the external forc& 
t o  S,/c (approximately 9.4 x 10- lb/f?t2) and (u is  about 1 /dayo 
For t h i s  case H may be taken equal t o  i t s  unperturbed value H 
Note t h a t  V i s  proportional 
8 0 
e 
0= 
This case corresponds t o  a sa t e l l i t e  whose kinetic 
energy of rotation about, i t s  center of mass is  not large as compared 
t o  the work done by the external force; f o r  example, V being a small 
quantity, a sa te l l i t e  placed in  orbit  w i t h  an angular velocity 
proportional t o  (u 
and the motion about the CM are coupled and a libration-type 
analysis would be necessary, An analysis of this type was carried 
out by Beletskii (22) - for  the case of perturbing torques caused by 
the ea r th ' s  gravityo 
In  such a problem the o rb i t a l  motion of the CM e 
21. 
In the present analysis the conditions of the first case are 
assumed and for a particular problem with given values of Ho, etc., 
the extremum values of equation (48) may be cmputed and compared 
t o  unity. 
HO 
where pr is the angle between H and k, Thus for H = - - 
cos 9 = Cs/H 
0 
8 = $  0 (50) or 
its unperturbed value. 
about the angular momentum vector, 
The precession rate of the axis of symmetry 
e 
, is given by 
$' = H/B 
when the angular velocity of the plane of H and e 
relative t o  Y (see Figure 7). 
is neglected 
7 3  
- 
SO if H = H 
0 - 
P = H,/A 
its unperturbed value. Thus there are no secular effects i n  the motion 
of the axis of symmetry about H. Any secular effects i n  the motion - 
-must then be confined t o  the orientation of H i n  i ne r t i a l  space. The 
angular mmentum vector may be expressed as H h where, fray Figure 7, 
- 
0- 
The% by equation (39)  
22, 
where o = w e o Therefores 
-e e -1 
acos,&t) = -u) h e f e -  -2 
which upon substituting equation (52) becomes 
@/at%, = U) e COB x, (53) 
That is, except for the effect  due t o  the rotation of 
between H and €& remains; eonstant, - 
mom equations (39)) (37)) and (52) 
But d%/dt), = a x e  = - w e  
de /at) = 0 
a$at)f =  OX^ = e . 
T - 2  e-s 
- 3  e-2 
-1 f 
%us equation (54) leads to three s c a b r  equations 
(54) 
muation (55) is identical t o  the result already obtained, that is 
equation (53)- Substituting equation (53) into equations (56) and 
Note that these are two equations in  the one unknown 
because of t h e  8ssumption that H = H h when i n  fact the magnitude 
0-’ 
of H is not constant but is given by equation (47), 
remain a unit vector the velocity of H m u s t  be perpendiculPLr t o  H 
and the axis of symmetry must therefore l i e  in the  plane of H and 
e 
-s 
equations (58) and (59) by solving for  
results. 
precesses about H with a rate 9 , which is equal t o  Ho/A, w h i l e  H 
precesses about e with a rate which, f’rm equations ($3) and (59), 
is proportional t o  II) and F’p/Ho. 
very small quantity and w << Ho/A from equation (48) thus i<< )L( 
so t h a t  an average value for  i can be obtained frm the above 
This wises 
- 
If h is  t o  - - 
- - 
- 
(except for  the special case = 0), this is easily seen froan 
and equating the two 
But it has already been shown that the axis of symmetry 
- - 
-73 
The potential V is generally a 
0 e 1 
e 
equations by averaging over a camplete rotation of the  z-axis about 
the angular momentum vector. Such an averaging process will eliminate 
24. 
the inconsistency i n  the equations for  io I n  simibr analyses for  
determining the effects  of other types of perturbations upon satellite 
att i tude th i s  averaging is performed at the beginning of the formulation 
of the perturbing moments, This, i n  effect, replaces the 
instantaneous moments by an average moment. 
by both Belethlkii (3) - and Colombo ( 5 ) .  - 
This method is  employed 
With t h i s  i n  mind consider 
cos& times equation (58) added t o  sinX times equation (59), thus 
The average precession rate is  
where 
and 
f’rm equation (50), equation (62) is 
$0, 
Since $ = 
where p is considered constant during the integration. Thus the 
motion of the satellite under the influence of &ect solar 
radiation can be described as an unperturbed motion (le. no secular 
effects) of the axis of symmetry about the angular momentum vector 
which itself remains practically constant i n  magnitude but precesses 
and nutates relative t o  e 
rates are given by equations (64) and (53) respectively. 
rotation of 
The average precession and nutation 
If the 
can be neglected - H performs a regular precession 
Note t h a t  i f  the sa t e l l i t e  enters the earth’s shadow ( s = 0) 
the motion becomes the unperturbed motion (5 - = 0) and - H is constant 
i n  ine r t i a l  space at its value upcm entering the shadow. 
2. Particular Satellite ConfiRurations 
a. Spherical Satellite - Radius R 
The force due t o  direct solar radiation on a 
P is spherical satellite of radius R and with surface reflectivity 
worked out i n  Appendix B, the results are 
26. 
2 
where xs 
the sun (note the force is independent of 
= XR , the projected area of the sa t e l l i t e  as seen by 
P ) *  
1 
Thus F1(B) = (Ss/c) x S . (67) 
Consider the following possible locations of the sa t e l l i t e ' s  center 
of mass relative t o  the geometric center of the sphere (CP for t h i s  
case). 
i. CM at CP: 
P(Q) = 0 
Therefore M = 0, and the motion about the 
-1 
CM is the unperturbed motion. 
ii. CM displaced from CP along the z-axis: 
1. p = p , a constant 
0 
thus M = - 5 (S / c > ~ p  h e  
1 S s o - - s  
and equation (43) is satisfied. From equations (53) and (64) 
0 
or, averaging over 
And, as H cos@o = Cs, th i s  may be wri t ten  
0 
27. 
N o t e  that the first term i n  equation (71) is a secular term w h i l e  
the second term (due t o  the rotation of e ) is  periodic i n  p and A. s 
2. P = P(8) 
- 
As an example t o  shuw that - a does not always have a secular term 
COS@ 5 k. gs = c o s # c o ~ t ~ ~ ~ J / ~  cos 4 
dt 
l e t  p =I pocose, then fian equation (63) 
thus (749 
Nuw the average precession ra te  is completely periodic i n  p as well 
as having a term also periodic in A. 
b. Cylindrical Satel l i te  - Radius R and height h 
The force due t o  direct solar radiation on a right 
circular cylinder of radius R and height h with surface ref lect ivi ty  
f' for both its sides and end pieces has been worked out i n  
Appendix C, the results are 
29. 
case = k-e  = cos# cow + s i n #  sinp cos e 
- 3  
2 112 
and sine = (a cos + b cos (t, -f C )  
where a = -sin gj sin p 
2 2 
b = -1/2 Sin* S h 2 ~  
2 2 
c = 1 - cos fd cos p . 
Thus the average precession rate is 
c. Paddlevanes 
The forces and torques acting on a symmetric 
arrangement of flat plates due t o  direct solar radiation is worked 
out i n  Appendix D. The results axe exactly the same as for  the end 
. .  pieces of the cylinder in the above section. 
B. Reflected Solar and Direct Earth Radiation 
1. Derivation of Equations 
Frcun equations (Is), (lg), and (20) 
28. 
Again consider various possible locations of the CM relative t o  
the geometric center of the cylinder (which is  the CP). 
i. CM at CP: 
P(Q) = 0 
Thus M = 0, and again the motion is unperturbed about the CM. 
-1 
ii. p =I po, a constant 
Then 
and eqmtion (43) is  still  satisfied. Therefore 
1 
where F ( e )  is  given by equation (77). From equation (63)  1 
where xe is the surface area of the earth-atmosphere m o d e l  sphere 
seen by dA and not i n  the ear th 's  shadow, A* is  the t o t a l  surface 
area of the s a t e l l i t e  seen by that part of the model sphere not i n  
the shadow, A, is  the surface area of the earth seen by dA and 
A i s  the t o t a l  surface area of the s a t e l l i t e  seen by the earth, 
S 2 
6' 
3c 
3 
It has already been noted that these surface integrations are 
very corrplicated for an arbitrary position of an arbi t rar i ly  shaped 
sa t e l l i t e  (even w i t h  the assumed geometric symmetry). 
description of F 
f o r  even i f  the s a t e l l i t e  does not pass through the shadow the 
reflected solar radiation which the s a t e l l i t e  receives would be 
influenced by it. 
The analytical 
is  especially complicated by the ear th 's  shadow 
4 2  
In  order t o  make some statements about the 
effects of F and F upon the s a t e l l i t e ' s  a t t i tude the following 
formwill be assumed for both forces 
-2 -3 
where the shadow factor i n  F has been dropped for  the t i m e  
-2 
being and 8' is the angle between e and k. Because of the assumed 
sa t e l l i t e  symmetry th i s  form wi l l  be correct fo r  F when the 
sa t e l l i t e ' s  orbit  about the earth is circular (otherwise it would 
a l so  depend on r). 
is on the earth-sun l ine  but it w i l l  serve as & approximation for 
- -r 
-3 
It is correct for  F only when the s a t e l l i t e  
-2 
other positions of the s a t e l l i t e  ( i n  general it would also depend 
on r, 8, and B ) .  
The merit abaut the satellite's center of mass w i l l  then 
be 
where the separation distance p is also assumed t o  depend only on 
8' 
is t o  be understoodthat the results apply t o  reflected solar as 
well as direct earth -ation. 
will be assumed derivable frcsn a potential so that 
!Fhe mbscripts will now be dropped on Fy M, etc. , w&re it - -  
Again, as in section A, the mment 
If the analysis is restricted t o  circular orbits there are two 
integrals of the motion 
I 
H'k = h, - -  
IL 
f 
or w = s y a c o n s f e s t  z 
a - H w + VI(@') = h' (85) -s -0 2 and 
which are exactly the same as equations (42) and (46) w i t h  LI) 
(angular velocity of the earth about the sun) replaced by % 
(angular velocity of the sa t e l l i t e  about the earth, constant for  
a circular orbit). 
for H 
-P- 
-e 
Equation (85) leads t o  the following relation 
I where H VO, and 
Hg VI I and y ', and y f  is the angle between H and w . 
t o  equation (481, the case of interest is 
are the i n i t i a l  or" unperturbed values of 
0 0 
Similar 
-0 - 
IO that H may be replaced by its unperturbed value H 
if equation (87) is satisfied equation (48) is also satisfied as 
we .<( coo* From equation (84) - -  Hok = Hcow = hi SO i f  H = Ho 
Note that 
0 
# = $ 0  (88) 
0 
The precession rate of - k about E, see Figure 8, is $b ' = H/A thus 
for R = H 
0 
Ho/A (89) 
its unperturbed precession rate. Thus, as i n  the case of direct 
solar radiation, there are no secular effects i n  the motion of 
the axis of symmetry about the angular momentum vector. 
Figwe 8, - H = H&' where 
Frm 
anti the equation of motion about the sa t e l l i t e ' s  center of mass is 
t .  
33. 
where w is the angUla;r velocity of (WZ) relative t o  iner t ia l  space 
. -P 
(caused by changes i n  the orbi ta l  elements as a result of orbit  
perturbations). !Rat is 
With 
aua t ion  (91) thus leads t o  three s c s ~ a r  
unlmawns p'  and if: 
equations for the two 
The reason f o r  the inconsistency in, these equatiaus (three eqyations 
i n  two unknuuns) has already been explained. To determine average 
rates of change, equation6 (95) and (96) may be canbined t o  yield 
~" 
Note that in both equations (94) and (97) the effects of the 
perturbing moments contribute & the first term on the right hand 
side of each equation, the remaining t e r n  are a result of the 
rotation of the (=Z> coordiarat,e eyekern due t o  prturba%ions i n  
92, and. io 
From equation (821, M = Ft  (0 ' )p (8 ' )  k x e thue 
T - - 
pn order to &rtxmnine the secu~ar effects in equations (99) and 
(KIOQ (and to clear up the inconsistency in these equations) it w i l l  
be necessazy t o  replace the irass%antmesane rnomenks by t R e  average 
moments, 
a complete rotation of k about H ( ik ' ranging from 0 t o  2%) and over 
This %r; achleved by averaging the perturbing momentas over 
- - 
a ccmplete revoluAon of the satellite about the earth (f ranging 
frm 0 t o  2%). 
substituted i n  eqwcrtions (99) ana (100) are the average values 
and thus w f l l  not be averaged here. 
The values of 4 d t ,  &/de, e t a  t o  be 
The average raters of change 
of p'  and X '  are 
A t  this point the effects of each force, F and F can be 
-2 3' 
analyzed separately. 
i. meet Earth Radlatfon 
In this case the average on f is fram 0 t o  2rr 
because the earth 's  shadow has no effect. Fpom the above equations 
as the effects of the perturb- moment f 
in the true anappaly. 
radiation, under the stated ass-tions, can be described, there- 
fore, as an unperturbed motion of the axis of symmetry about the 
aqu2 .a~  momentum vector which i t s e l f  remains practically constant 
are cmpletely periodic 5 
The sa$ellite's motion for direct  earth 
i n  magnitude but changes i ts  orientation relative t o  ( X Y Z )  as a 
result of orbit perturbations only. 
fie Reflected Solap Radiation 
This falls into two classes: a )  satellite never 
enters the earth's shadow, and b) s a t e l l i t e  enters earth 's  shadow 
at  f = f1 and leaves shadow at f = f 
2' 
a) No Shadow Effect - The effect  of the perturbing 
moment M is completely periodic in  f and averaging over f from 0 
-2 
t o  2% gives 
the same result  as equations (104) and (105). 
b) Satellite Eclipsed by EBrth'e Shadow - When the 
satellite enters the shadow F 
-2 
n0.t; zero even though the effect is sti l l  periodic i n  f, 
eqwtions (102) and (103) 
= 0 so that the average over f is 
From 
where p '  is ccnraidered constant during the integration, These 
integrals can nut be worked aut ccmrpletely un t i l  particular forms 
for F' (e' and p ( ~  a m  specified. The s a t e U t e ' s  motion due 
t o  reflected solar &ation is, therefore, an unperturbed motion 
3 -  
of tbe axis of Synnnetry about the angular momentum vector whfch 
remains appraximately cmstaut i n  magnitude and whose orientation 
relative t o  (XYZ) is given by equations (106) and (107) i f  the 
s a t e l l i t e  does not paas through the earth's shadow, or by equations 
(108) and (109) for satellite eclipses, 
 he angula~ velocity of (XYZ) r eh t ive  t o  iner t ia l  space, w , 
-P 
depends on orbit perturbations and for any particular satellite 
orbit the important perturbations w i l l  have t o  be worked art by 
sane appropriate technique in order t o  determine d fl /at, b /d t ,  and 
dl/dt. As an example, it is well lrnawn that the oblateness of the 
earth produces, among other effects, 
and u) (see Kozai (23) - as an example) 
- 
d f i  /dt 
&/dt 
- 2 2  
-(2~ & R /p P)COS 
e 
a seculap increase i n  both fi 
i (W 
e 
w h e r e  p is the focal parameter of the orbit ,  E the equatorirtl 
radiua of the earth, P the orbi ta l  period, i the inclination of the 
e 
orbit t o  the equatorial plane, and 6 a dimensionless parameter 
which characterizes the oblsteness of the esrth ( & = 1.6331 x 10' ). 3 
The derivations of eclipse cond.itions, duration, and geametry 
are l is ted i n  Appendix E. 
2, papticular Satel l i te  Configurations 
A$ a result of the above malyeis the only cases of 
interest are sa te l l i t es  receiving reflected solap radiation and 
passing through the emth'8 shadow, But no shapes have been found 
where analytical results for F and M can be computed (by analytical 
-2 -2 
results E t  is meant that F+ and M can be determine8 as fbnctfons 
of the sa t e l l i t e ' s  att i tude and position relative t o  the ear th  
-2 
and sun), 
P;(Q'] = Po a d  p(W) = poa both constank, 
For the sake of an example, therefore, consider 
Thuds i f  the satebli te 
f2 enters the earkh's shadaw at  f = fl and leaves it a t  f = 
Mote that the first tern in  equation (113) is; a secular tern, 
1 .  
Iv. PAfFfcuLARsoLu!rIoN 
In  the previous chapter the effects of mdiation torques up= 
the attitude of a sa te l l f te  were investigated by a perturbation-type 
aaalysis, 
assumptiam about the init ial  conditions, see equation (48), as wen 
as t o  average mer certain of the variables. 
was because of the nm-linear charscter of the equations of motion 
about the center of ~ B S S  which do not, in  general, admit analytical 
solutions for e9 arbftrary exkernal moment, 
In  that snalysis it was necessary t o  make certain 
The reason for  this 
In this chapter the possibility of a regules precession of the 
axis of symmetry about the vector % will be investigated f o r  the 
case of direct  solar radiation. In order t o  determine if  this 
m o t i c m  is a particular solution t o  the equatiosls of m o t i o n  the 
external moment necessary t o  maintain it wi l l  be derived and 
compared t o  the results of the previous chapters. 
The angular velocity of (x,y,z) relative t o  iner t ia l  space 
can be written as 
Q) =I m k + m  
-8 2 -  - 
where a-is perpendicular to k. Then - - 
dkkdt,, = a, x k = - -  a x  k 
- 6 -  
- h(dkkdt)$ = - k x (ax - -  k) = - w 
w = a k + k x e 
-6 z - - 
but 
thus 
39. 
H = C a k  + Akx(&kdt) (116) f - 2- -
The eqwtion of motion about the sateX1i%e8s center of mass as a 
result of direct  solar radiation I s  
The parplicdw solu$ion sou@% t o  t h i s  equation, see Figure 9, is 
where 
e and, up is the angulaz velocity of e+* Substituting these 
-$ 9 
conditions into equation (117) leads t o  
- (a eonstant) io the precasasfon rate of - k about 
0 
4[CZ - A  &*k)]@&] = &,/s,/, (120) 
e=&, 
Thus, for B regular precession of k about e while e rotates with 
a cons&% angular velocity w %(Q m w t  sat isfy equation (120). 
-e -8 - 
-eg - 
But for direct solar  radiation, under the previously stated 
1 .  
assumptions, M is of the form 
-1 
M = f(0)p(0) e x k 
1 - 8 -  
which does not have a canpment coxk and thus does not satisfy 
equation (W), Note that the term [Cs -A(% 
(120) is zero onzly when a+ k = Cs/A and I C s / h e I  6 1, w h i l e  
co XIS is never zero, unless Q~ = x/2, as 
Ibo Regular Precession 
9- 
k) Q) xk in equaticm -14- 
I - 
ie perpendiculSr t o  so 
-e- 
earn equations (3.20) and (122)  it is observed that a regular 
precession is a parti- solut ia i  f o r  the case of direct s o w  
radiation if  '& = 0. - That is o v e ~  short intervslts of time, say a 
day or less, when 
equation (122) sa t i s f ies  equation (EO), If is se t  equal t o  
may be considered constant in inertial space 
zero ana equation (122) is substituted in%o equatioln (120) me finds 
0. (3-23) 
So if k is neither parallel nor perpendicular t o  e equation (123) 
is a quadratic expression for the precessian rate  
- -s 
0 
or 
. .  
(3-24) 
The regular precesssfon rates given by thia equation are exactly the 
same as those for the Heavy Symmetric Top wfth one point fixed in 
which case F' = Mg (M = mass of the top and Q = acceleration of 
E 
gravity) and p is  the bisstance of the center of gravity fromthe 
fixed point, 
The q m t i t y  un&er the radical in  eqwatfon (125) is approxi- 
mtely equal t o  unity(F;*\cSs) and thus can be expantied t o  give a 
"fa~t" and a "slow'' precession rate 
For this particular case (cu = 0) -e 
of the motion 
H o e  = h  
-s 2 - 
there are three integralet 
Eqwtfon ( ~ 8 )  is  Conservation 0% Besgy ana follows fpm equation 
(&), equations (129) and (150) are Conservation 0% Angular 
Momentun, These integrals may be written i n  tern of Euler angles, 
bjee Figare 9, as follows 
43. 
(133) 
The particular solution of a regular precession of k about e is 
-B - 
0 
e = e  
0 
i = a  
(Dz = 6 
where fi is given by equation (125)o 
0 
Bo Stabili ty of Regular PPgeeersion 
In the above section the conditions for 
equation (1251, have been detepmined for the 
radiation when e can be cansibred coastant 
-8 
(334) 
a regular precession, 
ca8e of direct  solar 
in inertialspace.  It 
is ncw possible t o  determine the &ability of this motion, in the 
sense of mpunov, because of the existence of the integrals of the 
motion, Consider w the unpepturbec% motion equations (l34) which 
w i l l  now be perturbed by fnstant,anem perturbations 
e = e  + X  
0 1 
i = R  0 + x  2 
“i 
0351  
and 
“3’ 
1’ x2’ the s tab i l i ty  will be investigated wfth respect t o  x 
and x 4” 
Consider the I$apnov function L . 
44, 
L = s + x  
3 3 
and Kl, K2, 5, K4 are constants, yet t o  be determined. 
V(eo + xI) can be expanded i n  a power series i n  x with the 
coefficients depending on eo 
Assume that 
1 
(1% 1 2 v(eo + xl) = a (e ) + al(O,)xl + a2(Q0)x1 + o o o  0 0  
L being integrals of Since L(O,O,O,O) = 0 and &/at = 0 (L1, L2, 
the motion) the sufficient condition for  s t ab i l i t y  according t o  
z;Yapunov is whether L is positive definite or not. This can be 
3 
determined by expanding L in terms of x19 x2, x3, x and retaining 
only up t o  second order t e r n ,  (24). - That is 
equstim ( ~ 8 )  3v/ 3 x1 = (Jv/3e> ( 2  e/2 xl) = 
a + 2a + e.e) but J e / ' a X  = 1 so that a v / ~  e = >v/axl = 
1 $1 1 
-Id(@) and al(eo) = -Id(@ ). llnrs the term in x drops out o f  the 
above equation and the condition for L t o  be positive definite is 
supplied by Sylvester's Theorem, wmly 
0 1 
( i )  +a2:s/Nt5e+ i C ~ ~ ~ ~ ~ 8 a ) t  a&)> 0 
- JAC" ww*ea > 0, 
But if sineo f o the tbrird condition is easily satif id as soon a8 
the first condition is satisfied, I$+ still being arbitrary. 
Stability, therefore, reduces t o  the two conditions 
s i n , @  # o 
0 
where M ( 8 )  = - 3,V/d 8 
2 
v(eo + xl) = a (e ) + al (eo) x1 + a2 (e,) xl + 
0 0  
In order t o  i l lus t ra te  these equations consider the case of a 
spherically shaped satellite with i t s  center of mass displaced a 
constant distance from the geometric center of the sphere, From 
equations (66)) (a), and (69) 
F 
-1 = - 3 (Ss/c) xs % 
M (e> = - 5 (S /e> K p h e  -1 S s 0--6 
v(e) = - 3 ( ss /C)  xSp cos e. 
0 
Thus F' = (S,/c)A , M(8) = F;posinB, and 
1 S 
M(QO) = F ~ ~ ~ s ~ e ~  (143) 
v(eo + xl) = ~ ' p  [...eo - xLsineo - Sr2 cowo + J (144) l o  2 1  
and.al(eO) = -F'p cOSQ0 = -M(e0). 
Stability, therefore, i s  determined by equations (141) and (142). 
l o .  
But f o r  t h i s  case potGoM(Qo) 1 + a (0  ) = $ Fipocoaeo - 2 0  
- &' = 0 and th i s  regular precession is stable i n  the 2 1pocose0 
I;yapunov sense if 
sine # 0 
0 
47. 
(145) 
where fl is given by equstian (125). 
0 
The average precession and nutation rates for  reflected solar 
and-direct earth radiation, equations (102) and (loa), can be 
transformed t o  the coordinate system and added directly 
t o  the results for direct solar radiation, equations (53) and (61i), 
t o  give t h e  t o t a l  perturbation. This transformation will involve - - fi , co, i, A ,  A , w and, i n  -e d$/dt, dAf fdt, ‘up , w 1 p2’ $31 
addition, the angles p’ , A’, etc. will have t o  be expressed i n  terms 
of the angles p, A, etc,.  Such a combination may be necessary in 
order t o  obtain more information about the motion but for the 
present analysis it would only obscure the results, 
It should be noted that a l l  conclusions based on average 
precession and nutation rates are applicable only t o  the average 
motion. The averaging procedure is intended t o  i l lus t ra te  the 
presence o r  absence of secular perturbations in  the a t t i t ude  motion 
and it does not necessarily indicate the same for other types of 
perturbations. These other perturbations can be found by studying 
the non-averaged motion, for example equations (601, (991, and 
(100) as opposed t o  the averaged equations (64), (102), and (103). 
For a particular s a t e l l i t e  configuration with given i n i t i a l  
conditions equations (53) and (64), as well as equations (102) Fund 
(loa), can be integrated numerically t o  give nutation and 
48. 
I '  
APPENDIX A- FORCES ON FLAT F'IJQE SImmED ON E$@"-SUN LINE 
mom Figure 6 and equations (23, (24), and (25) the three 
components of force are 
For t h i s  particular example l e t  the spherical model representing 
the earth and its atmosphere be the earth itself. That is E = Re 
and then the surface integrations for F and F will be over the 
-2 -3 
same sphere. 
Note that in  both integrations the portion of the earth "seen" 
by the plate is the spherical cap defined by the angle Bm (cos@ = m 
1 .  
49. 
precession angles as a function of time (or sane other convenient 
parameter), 
satellite's attitude m o t i o n  as a result of the radiation torques 
and itwould. also iadicate the dependence of the resulting motian 
upm the i n i t i a l  canditiona. 
such an -sis w a u l d  empletely determine the 
R /P), also note that there is symmetry about the line j o i n i q  the 
earth and the plate, Frm the above figure 
e 
c q ,  5 cosy 
Thus the forces becane 
52. 
1 .  
53. 
The results of substituting the parameter values from Chapter 
I1 into equations (A&), (A-5)# and (A-6) are l i s ted  i n  Table I 
where h is the height of the satel l i te  above the surface o f t h e  
earth (h = r - Re)., 
-3 
different values of Te (250 and 300%) t o  show possible extreme 
Note that F has been worked out for  two 
values of this f o ~ c e  for the current range of temperatures for 
the earth if it is considered t o  radiate as a black body 
54. 
Table 1 - Forces on F la t  Plate Situated on Earth-Sun Line 
h 
m i "  
0 
50 
180 
200 
300 
400 
500 
600 
700 
800 
900 
lo00 
1500 
2000 
2500 
3 0 0  
5000 
loo00 
20000 
F2/A 
2 
lb /f't 
8 
8 
8 
8 
8 
8 
0 
8 
8 
8 
8 
8 
8 
8 
8 
2.13 X ~ O -  
2012 x10- 
2010 x10- 
2.06 X ~ O -  
2.02 x10- 
1.96 x10" 
1.91 x10' 
1.85 X ~ O -  
1.80 X ~ O -  
1.74 x10' 
1.68 x10- 
~ 6 2  xio- 
lJ8 x10- 
1.17 X ~ O -  
Loo x10- 
9.46 
1.38 
7 5.14 x10" 
6 5.88 x10- 
'~3'*)2500 
lb/f't2 
L O 2  x10- 
1001 x10- 
Loo x10- 
9.93 x10" 
8 
8 
8 
7 
9.70 
go22 
7 9.48 x10- 
7 
7 
7 
8.95 x10- 
8,74 x10' 
8,50 X ~ O -  
8.22 
8,00 
7 6,91 XIO" 
7 5.99 x10- 
7 5.21 x10- 
7 4.58 x10- 
2.86 x l 8  
7 L 2 1  x10- 
6 4.08 x10- 
lb/f't2 
8 
8 
8 
8 
8 
2012 x10- 
2011 x10" 
2 , l O  x10- 
2,06 X ~ O -  
2,02 %lo' 
1.97 xlo-8 
8 
1.92 x10' 
8 ~ 8 6  x10' 
1.81 ,loq8 
8 ~ 7 6  x10- 
8 
1.71 X ~ O -  
8 
8 
8 
~ 6 6  x10- 
L 4 3  x10' 
1.24 x10" 
8 1.08 x10- 
7 
7 
9.53 x10' 
5.94 x10' 
2.54 ,10-7 
6 8,48 x10- 
APPENDIX Bo F'ORCE AM> TORQUE ON SPELERICAI, AS A 
RESUEI' OF DIRECT SOLAR RADIA!IIoN 
Fran equation (a), with e' replaced by % 
75 
The coordinate system (el, e+ e ) is arbitrary, thus orient it 
so that e Then 
-3 - 
-8 
554 
56. 
and %(O) = 0. ( 5 4 )  
Thus point 0, the geometric center of the sphere, is the center 
of pressure (CP) f o r  t h i s  case. 
xith 
Consider a right circular cylinder of radius R snd height h 
for its sides m a  p2 for its 
Pl 
reflectivity end pieces 
From equations (20) and (17) 
z and a for the sunlit portion of the cylinder’s sides. 
Integrating first over z 
But = cos8 k + sin@(cos f3 i + sine j ), thus F becomes 
-ls 
- - - 
i 
f 2  b) a d  Pieces - Reflectivity 
Only one end piece is  seen by the sun and the force acting on 
2 it i s  the same as a flat plate of area XR whose normal makes an 
angle 0 or n - 8 (depending on whether the  top or bottom piece is 
seen) w i t h  the incoming radiation. Therefore 
which follows directly from equations (20) and (17) where 
/ 
The total force acting on the cylinder as a r e su l t  of direct 
solar radiation, El, is 
59. 
The m-t & t o  zl &aut point o (geometric center of the 
cylinder) is 
M (0) = 0 and point 0 is the center of pressure If 91 =p2' -1 
for F otherwise the CP I s  displaced frcm point 0 a distance p such 
that 
-1 
but M(CP) = 0 by definition, SO i f  p = p 5 - - 
(C-6) 
APPEYDM D. FORCE AND TORQUE ON PADDU VANES DUE TO 
DLRM;*r SOLAR RADIATION 
Consider a symmetric arrangement of flat, rectangular plates 
a l l  of the same dimensions. The surface re f lec t iv i ty  w i l l  be taken 
P2 On the -z side* 
as f l  on the +z side of the arrangement and 
A = h b  
t 
n = k  
-1 - 
= -& 
cos = n e e = cos0 . 
2 -  -S 
equation (20) 
Bu€ kx(%xk) = e -cosGk, thus 
Is - - 
61. 
Ihe moment about point 0 is 
because of sympnetry. Therefore point 0 is the center of pressure 
for this -t. 
If it is necessary t o  determine the moment about point P 88 
a result of - Fl 
*re p is the position of point P relative t o  point 0. For p = - - 
pk 
If the reflectivity is the seme on both sides of each plate 
and 
. .  
In order t o  determine the conditions f o r  a s a t e l l i t e  t o  be 
eclipsed by the earth's shadow, duration of eclipse, geometry, etc. 
the following assumptions will be made: 
1) Earth's shadow is a circular cylinder of radius R 
2) The shadow has no penumbra 
3) Atmospheric refraction effects are negligible 
4) The orb i t  is unperturbed. 
- 
The orb i t  plane intersects the axis of the ear th 's  shadow 
(parallel  t o  e ) at an angle a and the intersection in the o rb i t  
plane w i l l  be half an ellipse with semi-major axis Re csco and 
semi-minor axis Re, - e is a unit  vector paral le l  t o  the projection 
of 
intersection is a circle  of radius R , a! = 0 - intersection is  
a semi-infinite rectangle of width 2Re. 
7 5  
on the orb i t  plane, Note the  limiting cases; <I! = n/2 - 
e 
The orientation of the s a t e l l i t e ' s  orbit  re la t ive t o  the 
shadow's intersection on the orbit  plane may be defined by the 
62. 
a (1- r2J 
/+ ecasf A =  
on the intersection ellipse 
- Rs 
[/-cos% a s y f - p - ]  4 - 
when rr/2 < (f  - f*) 5 3¶/2 e 
(E-2) 
And the conditions for the satellite to pass through the earth's 
shadow are 
r sin a < R  (E-4) e 
where i% is the angle between and If an eclipse does occur 
the entering and leaving true anamalies, fi and f2, can be determined 
by the identity r = r or, froan equations (E-1) and (E-2) 1 
, . . .  
64. 
In general there w i l l  be four roots t o  this transcendental equation 
but two of the roots  w i l l  be discarded as not fu l f i l l ing  the 
condition of equation (E-3). 
The duration of the eclipse can be determined from Kepler's 
equation 
E - e sin E = n(t-to) (E-6) 
where t = t 
motion, P = orb i t a l  period, and E is the eccentric anomaly which 
is related t o  f by 
corresponds t o  perigee pass-, n = 2n/P is the mean 
0 
.- 
(E-7) 
The conditions for and duration of a sa t e l l i t e  eclipse, there- 
fore, are completely specified when a and f* are known. 
shown by spherical trigonometry, see Figure 1, that 
It is  easily 
(E-10) 
* 
cos ai = corn cos (f-f ) (E-ll) 
For the special case of a circular orbit  (e = 0) the conditions 
beccune quite simple: r = r a constant and the conditions are 
C 
r > R cow, no eclipse (E-=) 
C e 
rc < R e cosa, eclipse when n/2  4 f-f* < 3a/2 (E-U) 
and from equation (E-5) 
As perigee is undefined for e = 0 measure f such that f* = n/2, 
then by'syametry fl + f = 3a, and the duration of the eclipse 
beCCXM?S 
2 
where Pc is the period of the sa te l l i t e  i n  a circular orbit. 
(E-14) 
(E-15) 
66. 
Earth-Sun 
Line 
Figure 1, Coordinate Systems and Geometry 
67. 
I 
figure 2. Surface Geometry for Incident and Reflected 
Radiation 
figure 3- Radiation at dA2 due to Ehission from dA 
1 
Mgure 4. Solar Radiation of N o l p r a l  Incidence on a Fla t  
P l a t e  
Figure 5. Geometry of Receiving Element dA Relative t o  
e 
t o  the Sun 
8 
M t t i n g  area dA on the Ewth and Relative 
Figure 6. Flat Plate on Earth-Sun Line (not t o  scale) 
- H on the Plan 
Plane of H and e 
-s - 
* X '  
0 
0 
Figure 7. Orientation of H and z-axis Relative t o  
and Lertial Space 
ty  
Figure 8, Orientation of - H and z-axis Relative t o  (X,Y,Z) 
Figure 9. Orientation of Axis of Symmetry Relative t o  (s1 -3’ e -2 e >  
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